We introduce the curvature Ω k as a new free parameter in the Bayesian analysis using SNIa, BAO and CMB data, in a model with variable equation of state parameter w(z). We compare the results using both the Constitution and Union 2 data sets, and also study possible low redshift transitions in the deceleration parameter q(z). We found that, incorporating Ω k in the analysis, it is possible to make all the three observational probes consistent using both SNIa data sets. Our results support dark energy evolution at small redshift, and show that the tension between small and large redshift probes is ameliorated. However, although the tension decreases, it is still not possible to find a consensus set of parameters that fit all the three data set using the Chevalier-Polarski-Linder CPL parametrization.
I. INTRODUCTION
Since 1998 one of the biggest puzzles in cosmology is dark energy: the unknown component responsible for the current accelerated expansion of the universe [1] . In its simpler form, this can be described by a constant equation of state parameter w = −1, corresponding to a cosmological constant, leading to the ΛCDM model, the simplest model that fits a varied set of observational data.
As the observations increase in precision, it is possible to reach levels that enable us to discriminate between a cosmological constant or a dynamical cosmological constant (w = w(z)). The source of this dynamical dark energy could be both, a new field component filling the universe, as a quintessence scalar field [2] , or it can be produced by modifying gravity [3] .
In a recent paper [4] the authors suggest that current observational data could favor a scenario in which the acceleration of the expansion has past a maximum value and is now decelerating. The key point in deriving this conclusion is the use of the Chevalier-Polarski-Linder (CPL) parametrization [5] , [6] for a dynamical equation of state parameter w(a) = w 0 + (1 − a)w 1 ,
where w 0 and w 1 are constants to be fixed by observations and a is the scale factor. An updated analysis performed using recent SNIa data was informed in [7] where similar conclusions were derived. Both analysis assumed a flat universe.
Although it is often said that the inflationary scenario predicts a flat universe [9] , the situation has not been settled down yet, in part because the observations are not conclusive and because in theory Ω k = 0 is not the only solution [10] . In fact, the conclusion deduced from the analysis of the observations using a w =constant, implying a model with cosmological constant |1 + w| < 0.06, only works if we assumed a flat universe. However, considering the curvature as a new free parameter, it leads to an increment in the uncertainties in all the others parameters. In particular, in the context of models with dynamical dark energy, a number of works have discussed the degeneracies between w(z) and Ω k [11] [12] [13] [14] [15] .
It is the purpose of this paper to enhance the analysis of this phenomenon, relaxing the assumption of a flat universe, considering explicitly the geometric degeneracy between Ω k and w(z). This enable us to explore new features considering the CPL parametrization, enabling us to accommodate a similar behavior for q(z) using all the three observational test. This fact again shows the sensitivity of the observational data to even smaller values of the curvature parameter. The result found here shows that a single trend for q(z) is possible to draw using all the three observational probes, ameliorating the tension between data sets.
The paper is organized as follows: in the next section we re-study the flat universe case using both SNIa data sets [16] , [17] . Then, we show how to generalize the analysis considering a curved universe, in section III, which are our main results. We end that section with a discussion.
II. A FLAT UNIVERSE ANALYSIS: UNION2 VERSUS CONSTITUTION DATA
The original analysis [4] was performed using the Consitution data set [16] of SNIa. In this section we reanalyze this data set along the BAO and CMB constraints using the CPL parametrization. Then, we repeat the analysis using the full Union2 data sample [17] , looking for differences in the consequences derived from these analysis. We end this section discussing our results along the ones obtained in the recent work [7] .
The luminosity distance in a flat universe is
where
The SNIa data give the distance modulus µ obs (z) as a function of redshift. We fit the SNIa with the cosmological model by minimizing the χ 2 value defined by
is the theoretical value of the distance modulus, and N p is the number of data points. The BAO data considered in our analysis is the distance ratio obtained at z = 0.20 and z = 0.35 from the joint analysis of the 2dF Galaxy Redsihft Survey and SDSS data [18] , that can be expressed as
with
. (6) We fit the cosmological model minimizing the χ 2 defined by
A result from the combination of SNIa and BAO is given by a joint analysis finding the best fit parameters that minimize χ
BAO . In addition, we incorporate to the analysis the CMB shift parameter [19] , which is the reduce distance at z ls = 1090 [20] 
Here we use the comoving distance r(z) from the observer to redshift z which is related to the luminosity distance by d L (z) = (1 + z)r(z). In this case we compute χ 2 by
to find out the result from CMB and the constraints from SNIa+BAO+CMB are given by χ
CMB . For the CPL parametrization, w = w 0 + w 1 z/(1 + z), the second term in the righ hand side of (3) is Using the Constitution sample consisting of 397 data points, assuming a flat universe, leads to the results shown in Table I . They are very similar to the ones informed in [4] and [8] . Given the number of degrees of freedom N , a good estimate of the width of the χ 2 distribution is σ = 2/N , which in our case gives σ ≃ 0.07, a number taken into account to discriminate statistical significance among different runs. Having found these numbers, we can draw a profile of the deceleration parameter q = −äa/ȧ 2 as a function of the redshift z for each case. This is shown in Fig.1 . Clearly, the incorporation of the CMB constraints into the fitting process, leads to a completely different behavior for q(z). The values of χ 2 min show that the CPL parametrization is unable to fit the data simultaneously at low and large redshift. Because the best fit considering CMB gives a Using the Constitution data set [16] we plot the deceleration parameter reconstructed using the best fit values for three cases: only SNIa (continuous line), SNIa+BAO (dashed line) and SNIa+BAO+CMB (dotted line). χ 2 min 5 points higher than those considering SNIa and SNIa+BAO, indicates that CMB data favor a different behavior at small redshift, as the one observed in Fig.1 . Considering the reduced χ 2 we notice that χ 2 red = 1.169 for SNIa+BAO and χ 2 red = 1.182 for SNIa+BAO+CMB, showing that using SNIa+BAO gives a much better fit to the model than the one using CMB, and again the inadequacy of the CPL parametrization of fitting data at large and small redshift. The same can be concluded observing Figure 2 where the confidence contours in the w 0 − w 1 plane is plotted . Notice that the ellipses corresponding to SNIa alone and SNIa+BAO are almost identical, but the one considering CMB data does not overlap the others, indicating the tension between these data sets. Using the Constitution data set [16] we plot the 1σ contours for the w0 − w1 parameters using the best fit values for three cases: only SNIa (continuous line), SNIa+BAO (dashed line) and SNIa+BAO+CMB (dotted line).
Using the Union 2 set [17] , the largest SNIa luminosity distance sample currently available, consisting in 557 type Ia supernovae, the analysis leads to the results shown in Table II . In this case, σ ≃ 0.06, then again the numbers quoted in the table have a trustable statistical meaning. However, by comparing this with the results using the Constitution data set, we observe that the difference between the case with and without the CMB data is now smaller (≃ 1.8), although still large compared to 3σ = 0.18. Plotting the deceleration parameter using these numbers leads to Fig.3 . Again, the case SNIa alone and SNIa+BAO are almost identical, but the case including CMB data does not shown the rapid change at small redshift as is also found using the Constitution data set. Similar results were recently published in [7] . Meanwhile the statistical analysis using the Constitution data set give χ 2 red values greater than one, indicating bad fittings, the ones obtained using the Union 2 sample, gives us over-fitting values, χ 2 red < 1. This is important to notice, because an over-fitting work indicates that probably we are fitting noise instead of the actual relationship, and then more data would be necessary to improve the predictive power of the model. Therefore, it is necessary to perform a study that compares both data sets of SNIa to shed some light on this point.
This fact can also be viewed from Figure 4 where confidence contours in the w 0 − w 1 plane are plotted. Notice that again, the ellipses corresponding to SNIa alone and SNIa+BAO are similar, but the one considering SNIa+BAO+CMB points into a completely different region. This confirm the previous claim that the CPL parametrization is not adequate here. [17] we plot the 1σ contours for the w0 − w1 parameters using the best fit values for the three cases: only SNIa (continuous line), SNIa+BAO (dashed line) and SNIa+BAO+CMB (dotted line). 
III. RELAXING THE FLAT UNIVERSE ASSUMPTION
The comoving distance from the observer to redshift z is given by
, k being the curvature constant and (12) f (z) = exp 3
and
Using the Constitution set we found the results displayed in table III. A direct comparison with the result of table  I, where Ω k = 0 was assumed, shows many interesting changes. In general, all the values for χ 2 min are lower considering Ω k a free parameter. This result is expected, but the best fit values obtained are not. For example, in the cases where SNIa and SNIa+BAO are considered, the best fit values are completely different: Ω k is around −1, meanwhile the value for w 1 is four times less negative than in the flat case. Also the matter density becomes almost twice the value that in the flat case.
Using the best fit values of the parameters we plot q(z) versus z for each case. We see from Fig.5 , that all the three cases behaves in a similar way. This is one of the main result of our work: the joint analysis SNIa+BAO+CMB using the curvature shows qualitatively the same variation in q(z) for small redshift than those for SNIa alone or SNIa+BAO, a results that as far as we know has not been informed previously.
The SNIa alone and SNIa+BAO look very similar to the already known, with the exception that q(z) is almost reaching its zero value today z = 0. In each run, we have explored several different initial conditions, to Using the Constitution data set [16] we plot the deceleration parameter reconstructed using the best fit values for three cases: only SNIa (continuous line), SNIa+BAO (dashed line) and SNIa+BAO+CMB (dotted line). find the best fit values. Regarding the case where is used SNIa+BAO+CMB, using a small value for Ω k = −0.089, enable us to find a q(z) whose form follows the same trend that the previous cases. Here we must emphasize three important points: first, the present value of the deceleration parameter is positive today (z = 0), indicating that our universe is now decelerating, having crossed to positive values at z ≃ 0.1. Second, the form of q(z) shows that even considering the CMB data, the incorporation of the curvature to the analysis allows a transition in the deceleration parameter at small redshift z < 0.3. And finally, although the SNIa+BAO+CMB case fit a q(z) that change sign, the profile of q(z) reaches a minimum value later (at z ≃ 0.2) than in the other two cases (z ≃ 0.4), crossing to negative values later than the other cases and also in the SNIa+BAO+CMB case the asymptotic value q ≃ 1/2 for z > 1 is less than the one found in the other cases q ≃ 1. However, this results does not imply that the tension between low and high redshift data has disappeared. In fact, by drawing confidence contours around the best fit values in the w 0 − w 1 plane shown in figure  8 , again the ellipses at one sigma does not overlap at all, even those for SNIa and SNIa+BAO.
Using the larger Union 2 data set [17] we performed the same analysis as before obtaining the best fit parameter shown in table IV. The cases corresponding to SNIa data only and the joint analysis of SNIa and BAO data, behaves similarly to the ones already displayed using the Constitution data set as is evident in Fig.7 . However in this case the change in sign of q(z) take place later than the ones discussed in Fig.5 . Actually, this time Using the Constitution data set [16] we plot the 1σ contours for the w0 − w1 parameters using the best fit values for three cases: only SNIa (continuous line), SNIa+BAO (dashed line) and SNIa+BAO+CMB (dotted line). [17] we plot the deceleration parameter reconstructed using the best fit values for three cases: only SNIa (continuos line), SNIa+BAO (dashed line) and SNIa+BAO+CMB (dotted line).
all the three fits behave similarly, reaching a minimum value at z ≃ 0.2. Again, the value of the deceleration parameter today is almost zero for the SNIa alone and SNIa+BAO cases, indicating that the acceleration of the expansion of the universe had already ceased, and in the SNIa+BAO+CMB case q is small but still negative. However, as was also the case using the Constitution set, the concordance in the profile of q(z) among the observational probes is only apparent, because the one sigma confidence contours in the plane w 0 − w 1 indicate that although SNIa and SNIa+BAO share a region in that phase space, the CMB data spoiled the agreement.
Comparing table I with III, and II and IV, we observe that the incorporation of the curvature parameter decreases the value of χ 2 min , indicating that a model with a non flat universe is preferred, even with a small value. Also is clear from the analysis that, both in the flat and non flat case, using the Constitution data set, leads to a wrong fit χ 2 red > 1, meanwhile using the Union 2 data set, leads to a over-fitting, χ 2 red < 1, indicating the necessity of a further analysis of these SNIa data sets. [17] we plot the 1σ contours for the w0 − w1 parameters using the best fit values for three cases: only SNIa (continuous line), SNIa+BAO (dashed line) and SNIa+BAO+CMB (dotted line).
One of the main result from this analysis is that, the incorporation of the curvature as a new free parameter, enable us to accommodate a similar behavior for q(z) using all the three observational test. This fact again shows the sensitivity of the observational data to even smaller values (see Table IV ) of the curvature parameter. The result found here shows that a single trend for q(z) is possible to draw using all the three observational probes, ameliorating the tension between data sets.
In this paper we have shown that incorporating the curvature Ω k as a free parameter in the Bayesian analysis using SNIa, BAO and CMB, enable us to ameliorate the tension between low and high redshift found in previous works [4] , [7] . This is explicitly shown using both the Constitution [16] and the recent Union 2 [17] data sets. Even considering small values for the curvature parameter, it is possible to find a general behavior for q(z) at small redshift which shows a rapid variation in sign between z ≃ 0.5 to z ≃ 0. Because the CPL ansatz (1) implicitly assumes that nothing special occurs for DE in the redshift interval between z = 0 to z ≃ 2, the trend found in this work shows the incompatibility of the CPL parametrization in describing the variation of w(z) with redshift. This conclusion is reinforced based on the lack of overlap among the confidence contours in the three cases in the w 0 − w 1 plane.
